The notion of a coalgebra-Galois extension is defined as a natural generalisation of a Hopf-Galois extension. It is shown that any coalgebra-Galois extension induces a unique entwining map ψ compatible with the right coaction. For the dual notion of an algebra-Galois coextension it is also proven that there always exists a unique entwining structure compatible with the right action.
Introduction
Hopf-Galois extensions can be viewed as non-commutative torsors or principal bundles with universal differential structure. From the latter point of view a quantum group gauge theory was introduced in [3] and developed in [7, 5] . It turns out that to develop gauge theory on quantum homogeneous spaces (e.g., the family of Podleś quantum spheres) or with braided groups (see [9] for a recent review), one needs to consider coalgebra bundles. Such a generalisation of gauge theory was proposed recently in [4] . It introduces the notions 1 On leave from: Department of Theoretical Physics, University of Lódź, Pomorska 149/153, 90-236 Lódź, Poland. e-mail: tb121@amtp.cam.ac.uk 2 On leave from: Department of Mathematical Methods in Physics, Warsaw University, ul. Hoża 74, Warsaw, 00-682 Poland. e-mail: pmh33@amtp.cam.ac.uk of an entwining structure with an entwining map ψ, and a ψ-principal coalgebra bundle. The latter can be viewed as a generalisation of a Hopf-Galois extension, termed a ψ-Galois extension.
In the present paper we introduce the notion of a coalgebra-Galois extension as a natural generalisation of a Hopf-Galois extension. It is obtained by requiring that the coaction be left-linear over the coinvariants rather than an algebra map. We prove that such defined coalgebra-Galois extension induces a unique entwining map ψ making the coalgebra-Galois extension ψ-Galois.
We dualise coalgebra-Galois extensions and thus introduce the notion of an algebra-Galois coextension. We show that for such a coextension there exists an entwining map ψ making it a ψ-Galois coextension (called dual ψ-principal coalgebra bundle in [4] ). Finally, we prove that if two quotient coalgebras C/I 1 and C/I 2 cogenerate (in the sense of Definition 4.1) the coalgebra C equipped with a group-like element, then the coinvariants of C are the same as the intersection of the coinvariants of C/I 1 with the coinvariants of C/I 2 .
Notation. Here and below k denotes a field. All algebras are over k, associative and unital with the unit denoted by 1. All algebra homomorphisms are assumed to be unital. We use the standard algebra and coalgebra notation, i.e., ∆ is a coproduct, m is a product, ε is a counit, etc. The identity map from the space V to itself is also denoted by V . The unadorned tensor product stands for the tensor product over k. For a k-algebra A we denote by Mod A , A Mod and A Mod A the category of right A-modules, left A-modules and Abimodules respectively. Similarly, for a k-coalgebra C we denote by Mod 
coactions and coproducts we use Sweedler's notation with suppressed summation sign:
C-Galois extensions
First recall the definition of a Hopf-Galois extension (see [10] for a review). 
Note that in the situation of Definition 2. It has recently been observed in [2] that one can view quantum embeddable homogeneous spaces B of a Hopf algebra H, such as the family (indexed by [0, ∞]) of quantum two-spheres of Podleś [11] , as extensions by a coalgebra C.
It is known (see p.200 in [11] ) that, except for the North Pole sphere (c = 0), no other spheres of this family are quantum quotient spaces of SU q (2). They escape the standard Hopf-Galois description. To include this important case in Galois extension theory, one needs to generalise the notion of a Hopf-Galois extension to the case of an algebra extended to an algebra by a coalgebra (cf. [6] for the dual picture). This is obtained by weakening the requirement that ∆ A be an algebra map, and leads to the notion of a coalgebra-Galois 
Note that the first condition ensures that B is an algebra, so that the second condition makes sense. In what follows, we will consider only right coalgebraGalois extensions, and skip writing "right" for brevity. The conditions of 
In the Hopf-Galois case, one can generalise the above sequence to a nonuniversal differential calculus in a straightforward manner:
where R H is the ad R -invariant right ideal of the Hopf algebra H defining a bicovariant calculus on H [17] , andχ is defined by a formula fully analogous to the formula for can. Sequence (2.2) is a starting point of the quantumgroup gauge theory proposed in [3] and continued in [7] . The Hopf-Galois extension describes a quantum principal bundle with the universal differential calculus. Proposition 2.3 shows that the C-Galois extension can also be viewed as a generalisation of such a bundle, a principal coalgebra bundle. The theory of such bundles and connections on them (also for non-universal differential calculus) was developed in [4] . More specifically, the theory considered in [4] uses the notion of an entwining structure (closely connected with the theory of factorisation of algebras considered in [8] ) and identifies coalgebra principal bundles with C-Galois extensions constructed within this entwining structure.
The aim of this section is to show that to each C-Galois extension of Definition 2.2 there corresponds a natural entwining structure. Therefore the notions of a C-Galois extension of Definition 2.2 and a ψ-principal coalgebra bundle of [4, Proposition 2.2] are equivalent to each other. First we recall the definition of an entwining structure.
Definition 2.4 Let C be a coalgebra, A an algebra and let ψ be a k-linear
where η is the unit map η : α → α1. Then C and A are said to be entwined by ψ and the triple (A, C, ψ) is called an entwining structure.
Entwining structures can be also understood as follows. Given an algebra A and a coalgebra C we consider A ⊗ C as an object in A Mod with the structure map m ⊗ C. Similarly we consider C ⊗ A as an object in
C correspondingly, and such that
Then the pairs (µ A ⊗ C , ∆ C ⊗ A ) of such compatible maps are in one-to-one correspondence with the entwining structures (A, C, ψ).
and
Therefore ψ satisfies conditions (2.3). Dualising the above calculation (namely, interchanging ∆ with m, C with A, ε with η and ∆ C ⊗ A with µ A ⊗ C ) one easily finds that ψ satisfies conditions (2.4) too. Hence (A, C, ψ) is an entwining structure.
Conversely, let (A, C, ψ) be an entwining structure. Define
We used property (2.4) to derive the second equality, and then coassociativity of the coproduct to derive the third one. Similarly,
Hence ∆ C ⊗ A is a right coaction. By dualising the above argument one verifies that µ A ⊗ C is a right action. Finally, an elementary calculation shows that
Thus the bijective correspondence is established.
2
As a consequence of the definition of an entwining structure one easily finds [4, Proposition 2.2] that for any group-like e ∈ C, we have A ∈ Mod C with a coaction ∆ A : a → ψ(e ⊗ a). Clearly ∆ A (1) = 1 ⊗ e. Furthermore, for any a ∈ A and any b in the fixed-point subspace
Here we used the first of equations (2.3) to derive the second equality. Consequently, B is an algebra, ∆ A is a left B-module map, A ∈ B Mod C and we are in the setting of Definition 2.2. Now we can consider [4, Proposition 2.2]:
Definition 2.6 Let (A, C, ψ) be an entwining structure, e ∈ C a group-like element, and
by a coalgebra C iff B ⊆ A is a coalgebraGalois extension, i.e., iff the canonical homomorphism can :
C is an isomorphism. (We call the underlying quantum-space structure of (A, B, C, ψ, e) a ψ-principal bundle.)
The main result of the paper is contained in the following: to the present case, for all c ∈ C and a ∈ A, one obtains that
Define a map ψ :
We show that ψ entwines C and A. By definition of the translation map, we have:
(1) = 1 ⊗ c.
Furthermore, by property (i) of the translation map,
Thus we have proven that the second equations in (2.3)-(2.4) hold. Next we have
where we used the property (ii) of the translation map to derive the third equality. Hence the first of equations (2.3) holds. Similarly,
(1) (c
We used property (iii) of the translation map to derive the third equality and then property (ii) to derive the fourth one. Hence C and A are entwined by ψ as required. Moreover, since τ (e) = 1 ⊗ 1, we have
It remains to prove the uniqueness of the entwining map ψ given by (2.5).
Suppose that there is an entwining mapψ such thatψ(e ⊗ a) = a (0) ⊗ a (1) , a ∈ A. Then, for all a ∈ A, c ∈ C,
(1) ⊗ a)
(1) ⊗ a) =ψ(c ⊗ a).
Here we used first of equations (2.3) to derive the third equality and then the definition of the translation map to obtain the last one. Thus the uniqueness of ψ is proven and the proof of the theorem is completed. 2
The map a ⊗ B a ′ → aψ(e ⊗ a ′ ) coincides with the isomorphism can, whence (A, B, C, ψ, e) is a ψ-Galois extension. We have:
Corollary 2.8 For a given algebra A, a coalgebra C, and a group-like e ∈ C, the following statements are equivalent:
(1) (A, B, C, ψ, e) is a ψ-Galois extension.
(2) B ⊆ A is a coalgebra-Galois extension of B = A
coC e by C.
Remark 2.9
A slightly different definition of a C-Galois extension was proposed in [2] . Let A be an algebra, C a coalgebra and e a group-like element of C. One assumes that A ⊗ C ∈ Mod A , A ∈ Mod C , and the action and
is an algebra and the canonical map can : A ⊗ B A → A ⊗ C is well-defined. B ⊆ A is a C-Galois extension if the canonical map can is a bijection. One easily finds, however, that given A and C satisfying the above conditions, A ∈ B Mod C via the maps µ A = m and ∆ A . Hence, by Theorem 2.7, this definition of a C-Galois extension is equivalent to the one introduced in [4] and in Definition 2.2. 3
Remark 2.10
In the Hopf-Galois case, the formula for ψ becomes quite simple: ψ(h⊗a) = a (0) ⊗ ha (1) . If the Hopf algebra H has a bijective antipode, ψ is an isomorphism, and its inverse is given by
Furthermore, the coaction A ∆ :
makes A a left H op -comodule algebra, where H op stands for the Hopf algebra with the opposite multiplication. One can define the following left version of the canonical map:
It is straightforward to verify that ψ • can L = can. Since ψ and can are isomorphisms, we can immediately conclude that so is can L . 3
A-Galois coextensions
The dual version of a Hopf-Galois extension can be viewed as a non-commutative generalisation of the theory of quotients of formal schemes under free actions of formal group schemes (cf. [12] ). In this section we dualise C-Galois extensions and derive results analogous to the results discussed in the previous section.
First recall the definition of a cotensor product. Let B be a coalgebra and M, N a right and left B-comodule respectively. The cotensor product M2 B N is defined by the exact sequence
where ℓ is the coaction equalising map ℓ = ∆ M ⊗ N − M ⊗ N ∆. In particular, if C is a coalgebra, I its coideal and B = C/I, then
, where π : C → B = C/I is the canonical surjection. The following definition [15, p.3346 ] dualises the concept of a Hopf-Galois extension: Definition 3.1 Let H be a Hopf algebra, C a right H-module coalgebra with the action µ C :
is a coideal in C and thus B := C/I is a coalgebra. We say that C ։ B is a Hopf-Galois coextension (or H-Galois coextension) iff the canonical left C-comodule right H-module map
is a bijection.
With the help of the property ∆
, it can be directly checked that the image of the map cocan is indeed contained in C2 B C. To see more clearly that Definition 3.1 is obtained by dualising Definition 2.1, one can notice that both C ⊗ H and C2 B C are objects in The notion of a Hopf-Galois coextension can be generalised by replacing H by an algebra A and weakening the condition that the action µ C is a coalgebra map. This generalisation dualises the construction of a C-Galois extension of the previous section. First we prove Lemma 3.2 Let C be a coalgebra, A an algebra and κ : A → k an algebra character. Assume that C ∈ Mod A with the action µ C and define
(If the conditions of the lemma are satisfied we say that the action µ C is left B-colinear and counital with respect to κ.)
Proof. By the counitality of µ C , we have I κ ⊆ C + := Ker ε. Furthermore, using the colinearity of µ C one finds that ∆ κ (I κ ) ⊆ B ⊗ I κ . Since Ker π κ = I κ , we obtain ∆(I κ ) ⊆ C ⊗ I κ + I κ ⊗ C. Therefore I κ is a coideal and B is a coalgebra, as stated. 2
The above lemma implies that in this case C ∈
B
Mod A with the structure maps µ C and ∆ κ . Consequently, the canonical map
is well defined, and we can consider: Definition 3.3 Let A be an algebra, κ : A → k an algebra character, C a coalgebra and right A-module, and B = C/I κ , where I κ is the coideal (3.6).
We say that C is an algebra-Galois coextension (or A-Galois coextension) of B iff
(1) the right action µ C : C ⊗ A → C is left colinear over B and counital with respect to κ,
the canonical left C-comodule right A-module map
Again, to see that Definition 3.3 dualises the notion of a C-Galois extension one can notice that both C ⊗ A and C2 B C are objects in In [4] the notion of a dual ψ-principal bundle was introduced in the framework of entwining structures. This was possible by noting that the notion of an entwining structure has the following self-duality property. If one replaces A with C, ∆ with m, η with ε and reverses the order of composition, then formulae (2.3) become (2.4) and vice versa. Furthermore, if there is an algebra character κ : A → k one can define a right action µ C : C ⊗ A → C by µ C = (κ ⊗ C) • ψ. This action is counital with respect to κ. It is also left colinear over B := C/I κ , where I κ is given by (3.6). Indeed,
We used the definition of µ C to derive the first, fourth and sixth equalities, the definition of I κ to derive the fifth one, and the first of equations (2.4) to establish the third equality. By Lemma 3.2 B is a coalgebra, and we can consider algebra-Galois coextensions whose right action map µ C is determined by ψ as described above. Proof. We dualise the proof of Theorem 2.7. Assume that C ։ B is an AGalois coextension. Then cocan is a bijection and there exists the cotranslation mapτ : C2 B C → A,τ := (ε ⊗ C) • cocan −1 . By dualising properties of the translation map (or directly from the definition ofτ ), one can establish the following properties of the cotranslation map:
for any c, c ′ ∈ C and a ∈ A. Combining (iii) with (ii) one obtains
Using the cotranslation map one defines a map ψ :
We now show that the map ψ entwines C and A. For any c ∈ C we find
where we used property (i) to derive the last equality. Furthermore, for any c ∈ C, a ∈ A,
where the penultimate equality is implied by (iii), and the ultimate one by (i).
Thus we have proven that the second conditions of (2.3) and (2.4) are fulfilled by ψ. To prove the first of equations (2.3), we take a, a ′ ∈ A, c ∈ C and
We used property (iv) of the cotranslation map to derive the third equality.
The fourth equality follows from the fact that µ C is a right action. To prove the first of equations (2.4) we take any c ∈ C, a ∈ A, use (ii) and compute
Next observe that, by the counitality of µ C , we have (ε ⊗ ε) • cocan = (ε ⊗ κ), whence κ •τ = ε ⊗ ε. This applied to the definition of ψ implies that (κ ⊗ C) • ψ = µ C , as needed. Finally, the uniqueness of ψ can be verified by the dualisation of the argument at the end of the proof of Theorem 2.7. (To perform explicit calculations one needs to use the first of equations (2.4) and the property (iii) of the cotranslation map.) 2
As in the previous section, we have Corollary 3.6 For an algebra A, a coalgebra C and an algebra character κ : A → k, the following statements are equivalent:
(1) (A, B, C, ψ, κ) is a ψ-Galois coextension.
(2) C ։ B is an A-Galois coextension of B := C/I κ by A.
Appendix
We say that two subgroups G 1 and G 2 of a group G generate G if any element of G can be written as a finite length word whose letters are elements of G 1 or G 2 . The (dual) coalgebra version of this concept is given in the following definition: Observe that the above construction is closely related to the wedge construction of [16] . In the group situation it is clear that what is invariant under both generating subgroups is invariant under the whole group, and vice-versa.
Below is the (dual) coalgebra version of this classical phenomenon. Consequently, by the linear independence of f j , j ∈ J , we have ℘ (i) (h j ) = 0 for j ∈ J . Hence, as this is true for any (i) ∈ M f , we obtain (i)∈M f Ker℘ (i) = 0, as needed. 2
